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4.8 Prove that for central force field the equation of motion can be written as;

d%u W d*u _ Jw
do2 TUu= 1292 And do2 TUu= ph2u?

where h = 126

Solution: Consider a particle of mass “u” Is at a distance “r” from the origin. The
acceleration of the particle can have two components in the polar coordinates

a, =i —r6? (4.8.1)
ag =16 + 210 (4.8.2)

Since the central force is always directed along the radial vector “r”. The radial force
IS responsible for the motion. Therefore;

foy = n(# —16?) (4.8.3)
fiey =0 (4.8.4)
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et us consider a function “u” such that u = -S> =
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Differentiating above equation with respect to t

dr d (du d [du
- h () - (%)
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., d (dudf
== do (d9 dt)
. - d fdu) - d?u
=i =—hf-(5)=-ho " (4.8.6)
Since h? =120 = 6 ="/ , or 6 = hu?, Putting in Eq. (4.8.6)
. 32 2d%u
r=—h“u o2 (4.8.7)




Putting r ==, § = hu? and Eq. (4.8.7) in Eq. (4.8.3)

As required.

o =0 10%) = o = (A0 28) o 2) O

62
= fwy = —uh*u? % — uh?u3
= fly = —Hh*u? (% + u)
= — M];l(zuiz = (% + u)
> (G +u) = — 2 (4.8.8)

Since [ = ur?6 = uh putting in Eq. (4.8.8)

As desired.

d?u

(7 +u) = - (4.8.9)
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4.9 Show That:  a) v? = 7% + r?0? = h? <(@) -+ u2>

b) Using results from part “a” also prove that the conservation of energy equation will be

du\? o, 20E-V).. 1
(de) Tu = ph? Ifu_r

Solution: Let us consider a particle of mass “u” and position vector “r”.
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Since E=T+V=>T=E-V

Eq. (4.9.1) and Eq. (4.9.2) are as desired.

(4.9.2)




Problem (Page 293, Classical Mechanics by Marion)

Find the force law for a central force field that allows a particle to move in a
logarithmic spiral orbit given by r = ke®?, where “k” and “a” are constants.

Also find value of 0 and (). Also find Energy of the orbit.

Solution. Since we have verified that

Now using
r=ke%® syu=-=-¢"af
r ok
Differentiating Twice with respect to 6
% = %ze_“e = a’u (2)




Putting value of u and |n equation 1

(dz i )_ urf

672 12
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:a2u+u=_wlf(")
ﬁf(r)——m(a +1) (3)

Eqg. 3 represents the force responsible for motion.
Now the central potential responsible for the motion of the particle will be

V=—ff(r)d7‘=—

(cr +1) (4)

2ur?

Total energy of the system is E=T+V = —ur + +V (5

u‘rz
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Now
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Now E=T+V=_ui?+——+4V
2UT
1 (la\? | 12
=>E——[J(E) +2u7‘2_2u7‘2(a +1)
:E—Wz(a + 1 (7)

Eq. 7 gives the total energy of the system. Zero value represent a bound system. Now
we will determine of 6, and r¢p
@



Since ) = —

> Oy =5-In[2a (-5 +C)] (9)
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Now r = ke?? = — = g2ab
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4.10 Equation of motion for a body under central force

ginverse square law force}

2 l
Solve (ﬂ + u) = —PL";S‘Z) and 6 =60, + [ /y? dr and prove that the solution is the
2
\/ Zu(E—V(,,)— 2:7)

do?
equation of conic. i.e. the motion under the inverse square law force represent motion on conic
path. Also discuss the possibilities of bound and unbound system.

Let us consider a particle of mass “u” in under inverse square law force. The equation of motion can be
written as

(% n u) _ ‘l‘f o (4.10.1)
Since the inverse square attractive force

foy = —,% = —ku’

% ru=% (4.10.2)




4.10 Equation of motion for a body under central force

ginverse square law forcez

Starting with equation Eg. (4.10.2)

diu k| ok
S tu=—pP—tu——=0 (4.10.2)
Consider a function
‘y =u-4 ‘ (4.10.3)
Differentiating above equation Twice

d’y _ d°u ‘

07 = o7 (4.10.4)
Now

ay o _du .k

a0z T az T 0

d?y

‘ﬁ +y=0 ‘ (4.10.5) @




4.10 Equation of motion for a body under central force

(inverse square law force)
It is a second order differential equation where “y” Is a function of “6”

And y = Acos(0 —6,) (4.10.6)
y =u—‘:—f=Acos(9 —0,)
1 uk
=t Acos(60 — 6,)
(i) :
= ‘;k =1+ i—lkcos(é —8,) (4.10.7)
A A A
Equation of conic. ‘ % =1+ ecos(8 —0,) (4.10.7)a :

12 i
where a¢ = P Semi latus rectum.

2

and e = i—lk IS eccentricity which is defined as the measure

of deviation from circular shape.




4.10 Equation of motion for a body under central force

ginverse square law forcez

Now consider the first integral for the motion under central force
l

6=6,+[ r? —dr (4.10.8)
JZH(E‘ V) 5r7)
Since ‘ du = —~dr &‘ V=—%=—ku ‘ (4.10.9) & (4.10.10)
Putting Eq. (4.10.4) and Eq. (4.10.5) in Eqg. (4.10.3)
du
6=6,— (4.10.11)
)
Let @za,#zband—lzc
l l
Then 6-6,=— o =—[——

\/(zuE 2uk, uz) J(a+bu+cu?)




4.10 Equation of motion for a body under central force

ginverse square law force2

= [ (- (222)

6,—0 =|cos™? it
o ee)

21%E

Uk uk
u—l—2+l—2 1+(

>l [ G

—=[1+ ecos(8, —0)]=[1+ ecos(8 — 6,)] (4.10.12)

) cos(6, — 0)

We have shown that the solution of the first integral is an equation of conic

2 I2E
a = ﬁ = semi latus rectumand e = \/1 + (2 = ) IS the eccentricity




4.10 Equation of motion for a body under central force

ginverse square law forcez

For Eq.(4.10.11) & Eq.(4.10.12) if we assume 8, = 0 &0 = 0° & 180°
r=—= - &|r,=—"—= a (4.10.13) & (4.10.14)

e o o
Fore > 1 of E > 0, ry IS negative
Ande =1, E =0, ry isinfinity

Both cases => motion is unbound
Thereforee < 1 and E < 0 Is necessary to keep a bounded motion.
The finite and positive values of r; and r, represents the turning points.

Comparing the equation of eccentricity A= 12 1+ (2l E) (4.10.15)

(o)

pk?




4.10 Equation of motion for a body under central force

ginverse square law forcez

Nature of the Orbit
The nature of orbit is determined by eccentricity e which depend on energy

Value of E Value of eccentricit Nature of orbit

e>1 Hyperbola
. E=0 e=1 Parabola
Vege(min) <E< 0 0<e<l1 Ellipse
E = Veg(min) e=0 Circle
1 L? 1
we can always set 8, = 0 And csa=n D= C|1+ ecos(60 —06,)]
« Bound motion is possible only for Ellipse or circle. _.\V?"_‘*f"i"‘._._’?’i >
Parabola E=1 >

« The motion of planets is either circular of elliptical.

Ellipse Vesr(min) < E <O

 The variation of length of the day and seasonal
changes suggest that the path of the planet is elliptical.

Circle E = V,rr(min)

>



4.10 Equation of motion for a body under central force

ginverse square law force2

Elliptic Orbit

The ellipse Is a curve traced out by a particle moving Iin such a way that the sum of
its distance from two fixed foci O and O’ is always constant.

2 g THONDT L MHFE D= S Talommom (@)



4.10 Equation of motion for a body under central force
Inverse square law force

Elliptic Orbit
Not the distance between two foci 00" =r,—n
; _ 2eax
= 00' = (—e?) = 2ae
=22 = ac (4.10.16)
From the figure it is clear that OP’ = O’P’ and
OP' + O'P' = 2a & OP' = a

7\ 2
Now from figure b? = (0P")? — (020 )
= b%?=a* — a%e? = a*(1 —e?)

=>b=a\/(1—ez)




4.10 Equation of motion for a body under central force

ginverse square law forcez

If e # 0 then,
: 21%E
Since e=\/1+(ﬂk2)
Therefore, b=a <1 —1- (Zﬂl;f))
N
hb=gq ll - (21215)
= . e

The energy of the bounded system is less than zero therefore
it will give a real value solution.




4.10 Equation of motion for a body under central force

ginverse square law force2

If e = 0 ellipse will become circle b = a
(Note in the region when body passes through closest distance the curve is arc of

a circle)

21°E
And 1+ (53) =0
_ _(uk?
k= (212)
Eq. (4.10.15) will be reduced to a = «a, therefore the radius of the circle Is;
e _ )
7"0 pu— a pu— pu—
uk uk
k
And To = _E

k
And Ez—z @




4.10 Equation of motion for a body under central force

ginverse square law forcez

Putting this value in equation of eccentricity we get

- -G

Using this value the semi-minor axis b can be written as.

b=a|(1-14(5)




